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Reduced-order input/output models are derived for a class of nonlinear systems by utilizing wavelet approxima-
tions of kernels appearingin Volterra series representations. Although Volterra series representations of nonlinear
system input/output have been understood from a theoretical standpoint for some time, their practical use has
been limited as a result of the dimensionality of approximations of the higher-order, nonlinear terms. In general,
wavelets and multiresolution analysis have shown considerable promise for the compression of signals, images,
and, most importantly here, some integral operators. Unfortunately, causal Volterra series representations are
expressed in terms of integrals that are restricted to products of half-spaces, and there is a significant difficulty
in deriving wavelets that are appropriate for Volterra kernel representations that are restricted to semi-infinite
domains. In addition, it is necessary to derive Volterra kernel expansions that are consistent with the method
of sampling used to obtain the input and output data. This paper derives discrete approximations for truncated
Volterra series representations in terms of a specific class of biorthogonal wavelets. When a zero-order hold is used
for both the input and output signals, it is shown that a consistent approximation of the input/output system is
achieved for a specific choice of biorthogonal wavelet families. This family is characterized by the fact that all of
the wavelets are biorthogonal with respect to the characteristic function of the dyadic intervals used to define the
zero-order hold. It is also simple to show that an arbitrary choice of wavelet systems will not, in general, provide
a consistent approximation for arbitrary input/output mappings. Numerical studies of the derived methodologies
are carried out by using experimental pitch/plunge response data from the TAMU Nonlinear Aeroelastic Testbed.

Nomenclature
{a,} = primary scaling function filters
{a.} = dual scaling function filters
{bi} = primary wavelet filters
{bi} = dual wavelet filters
Ry jm = discrete first-order Volterra kernel
hy (&) = first-order Volterra kernel
ha s = discrete second-order Volterra kernel
hy(&, ) = second-order Volterra kernel
J = dilation index
k,m,p,r,s = translationindices
n = sampling index
t = time
u(t) = systeminput
() = system output
y; (1) = output of the ith-order Volterra operator
Vi jn = discrete output of the first-order Volterra
operator
V2, .rs) = discrete output of the second-order
Volterra operator
{oj i} = one-dimensional scaling function
coefficients
{0} = two-dimensional scaling function
coefficients
{Bjx} one-dimensional wavelet coefficients
{B woh (B} 4y}, = two-dimensional wavelet coefficients
{ﬂ;’.(r.x)}
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D(x,y) = two-dimensional tensor product scaling
function

@ (x) = primary scaling function

P (x) = dual scaling function

x () = characteristic function

Y (x) = primary wavelet

v (x) = dual wavelet

Yl(x,y), ¥2(x,y), = two-dimensionaltensorproduct

Y3(x,y) wavelets

I. Introduction

LARGE collection of methods have been investigated for ob-
taining reduced-order representations of linear and nonlinear
dynamical systems in structural mechanics, fluid mechanics, aeroe-
lasticity, and control theory. These methods include such diverse
strategies as modal synthesis,Ritz vectorreduction,rational approx-
imation, Hankel approximation,and proper orthogonal decomposi-
tion (POD). In fluid mechanics, the study of the qualitativedynamics
of variousclasses of flows using POD has been carried outin Refs. 1
and 2. In these studies, the essential goal is often to study the topo-
logical dynamics underlying the more complex model.'~* Some-
times, the ultimate goal is the development of control experiments
or methodologies? In structural mechanics, Ritz basis reduction
methods denoted “component mode synthesis” have emerged as a
distinctdiscipline (see Ref. 5). Order reduction methods designed to
improve the fidelity of specific measurements, observations, or per-
formance functionalshave been studied in linear control theory (see
Ref. 6). Similarly, some researchershave used reduced basis meth-
ods in the simulation and control of the nonlinear Navier-Stokes
equations.”~° More recently, component mode synthesis methods
have been studied for a class of open-loop simulations of aeroelas-
tic systems.!012
Despite the considerablecollectionof research for achievinglow-
order model approximations in diverse fields, there remain signif-
icant barriers to the realization of general reduced-order represen-
tations specifically for the control of nonlinear systems. We seek
to address one limitation of most of the order reduction methods
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Fig. 1 Prototypical nonlinear aeroelastic system (D/A, digital to ana-
log; I/O, input/output).
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listed above. One common feature of most of these methods is that
they are not directly amenable to online updating or adaptive sub-
space selection strategies. The approach taken in this paper builds
on, and in some sense stands in contrast to, recent research by the
authors in nonlinear aeroelasticity and nonlinear control. The au-
thors have shown that geometrically nonlinear control methods can
be extremely effective in some applications to nonlinear aeroelas-
tic control.!°~!2 Fundamentally, these strategies rely on an accurate
reduced-order model of the nonlinear open-loop dynamics. These
control strategies have been tested and verified on the same experi-
mental apparatus that is shown in Figs. 1 and 2. At the same time,
the authors have shown that some POD reduced basis methods can
be extremely effective in generating low-dimensional approxima-
tions of uncontrolled flow. As an example, the authors have studied
the efficiency of POD methods for obtaining reduced-order models
of synthetic jets.* The performance of this approach for studying a
particular response regime is discussed in detail in Ref. 4.

It would seem natural, and appropriate, to synthesize the con-
trol methodologies discussed in Refs. 10-12 with the POD-based
reduced-order modeling methods studied in Ref. 4. In some sense,
one could view this as the conventionalapproach. In fact, this line of
researchis being pursued by the authors. However, there are several
inherent difficulties with such an approach. We briefly summarize
some of these difficulties and discuss how the approachtaken in this
paper can be viewed as a complementary method addressing these
challenges. First of all, we emphasize that, however positive the re-
sultsin Ref. 4, this study considersan uncontrolledresponseregime.

In fact, nearly all of the order reduction methodologies discussed
above for nonlinear models of flow treat the uncontrolled system.
A notable exception is presented in Refs. 9 and 13, which we dis-
cuss in some detail shortly. The difficulty, in the context of control,
is not associated with producing a single reduced-order model that
captures the essential dynamics of a particular operating or flow
regime. This has been carried out quite successfully in Refs. 1-3,
forexample,orevenin Ref. 4. Rather, if the overall goal of the model
orderreductionis to enable control of the system, the reduced-order
model must be accurate over a diverse family of response regimes.
In other words, because the express purpose of control is to alter,
usually drastically, the system dynamics, any model derived from
the response history of the open-loop, uncontrolled system may be
a very poor approximation for the closed-loop system dynamics.
This fact is well understood, and well documented, in the control
theory and linear system theory literature (see, e.g., Ref. 6 and the
references therein). Unfortunately, the problem is compounded in
many applications to aeroelasticity or fluid mechanics in that the
governing Navier-Stokes equations are inherently nonlinear. Some
of the richest theory available for treating order reduction problems
havebeen derivedin the contextof linearsystemtheory. Researchers
in structural dynamics and control have studied order reduction for
decadesas appliedto structural systems. In some cases, surprisingly
few Ritz basis vectors suffice for control. Thus, althougha relatively
small, fixed set of componentmodes (or Krylov vectors, attachment
modes, constraint modes) may suffice to represent the dynamics of
a structural system, empirical and anecdotal evidence suggests that
this may not be the case for a large class of nonlinear fluid systems.

In this paper, we present a methodology that is directed precisely
toward achieving efficient reduced-order representations of a class
of nonlinear systems that is amenable to adaptive and online con-
trol methodologies.If we acknowledgethat the underlyingdynamics
are, indeed,nonlineara priori,areasonablestartingpointis to choose
one of the standard nonlinear system parameterizations. Possible
choices include classical Fliess functional expansions, Chen series,
or Volterra series. Silva has studied the identification of Volterra
series from impulse response for aeroelasticapplications.!* We will
consider the identification of similar systems, but for general in-
put/output histories. Of course, Volterra series have been studied in
numerous classical texts, such as those by Schetzen'® and Rugh.'®
These methodshave found an applicationin dynamical system mod-
eling and control, even within the narrower context of aeroelastic
systems. Still, it is likewise well known that Volterra series meth-
ods have not seen more widespread application as a result of their
high dimensionality. Roughly speaking, a Volterra series is com-
posed of a sum of integral operators, where each successive term
in the sum is increasingly nonlinear. An approximation to the infi-
nite sum is usually made by truncatingthe series after k terms. If the
samplingintervalis AT, the most naive discretizationof the contin-
uous Volterra operators yield discrete Volterra operators expressed
in terms of O(1/AT*) terms. The integer k is the number of inte-
gral operatorsretained in the sum. Attempts to achieve lower-order
approximations have been made, most notably through the use of
Laguerre orthogonal polynomials. This approach can be advanta-
geous for some classes of stochastic inputs,'® but it can still yield
densely populated, high-order approximants for general inputs.

Because of these considerations, Nikolaou and Mantha'’ and
Nikolaou and Vuthandam!® have soughtto exploit the specific prop-
erties of wavelets to overcome these difficulties. Wavelets and mul-
tiresolution analysis have gained notoriety for their applicability
to image processing, signal and image compression, and denois-
ing. They have likewise been used to advantage in the compression
and approximation of integral operators.!” It is important to note
that the methodologies presented in Refs. 17 and 18, for example,
make use of ad hoc wavelet basis selection and analogies to im-
age compression to generate reduced-order Volterra models. These
methodologies do not, however, derive from rigorous approxima-
tion (as in Ref. 19) of the integral operators comprising the Volterra
series.

In the remainder of this paper, we derive order reduction meth-
ods for Volterra series by means of direct approximation of the
constituent integral operators. In this sense, the paper uses the
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philosophy given in Ref. 19, which focuses on second-kind
Fredholm equations, in application to the multilinear Volterra inte-
gral operators. The resultis a wavelet-basedorderreductionmethod,
similar in intent to the multilevel methods discussedin Refs. 17 and
18. In Sec. II, we discuss the consistent approximation of Volterra
series. The underlying biorthogonal wavelet approximation frame-
work is discussedin Sec. III. Also discussedin Sec. Il is the choice
of biorthogonal wavelets that yields a consistent approximation of
the constituent Volterra integral operators. Finally, Sec. IV presents
numerical results and validation studies.

II. Volterra Operators and Approximation

We will consider those dynamical systems expressed in terms of
Volterra integral operators, and we restrict our attention to single-
input/single-outputsystems. The output y(¢) can be written formally
as the infinite sum

NOESAGERAGERAGESAGEE 1)

where each term y; (¢) is the output of the ith-order Volterra integral
operator. For i =1 or 2, we have

i) =/ hy(t —&)u(§) ds 2)

y2(1) =/ / hy(t =&, t —mu(§)u(n) d& dn 3)

where u (&) and u(n) represent the system inputs and A, (t — &),
hy(t — &, t — n) represent the first- and second-order Volterra ker-
nels, respectively. The theoretical foundations of the Volterra series
in Eq. (1), sufficient conditions for its convergence, and the form
for higher-order terms can be found in Ref. 15. In this paper, we are
concerned only with the first- and second-order (i = 1 and 2) terms
of the Volterra series. With the use of a simple change of variables,
it can be shown that the first- and second-order Volterra operators
can be written in the form?’

+o00
yl(t)=/ hiE)u(r — &) d§ “)
0

») = / / ha (&, mu(t — &)u(t —n) dé dn ®)
0 0

where the operators are defined over semi-infinite domains.
Now, we introduce the characteristic function x (¢) of the unit
interval [0, 1],
1, t €[0,1]
x() = { 6)

0, otherwise

and its scaled and dilated translates

Xjx(t) =232t — k)

_ 2072, 2/t —k €0, 1]

o, otherwise
2012, k279 <t < (k+1)27/

= i (7
0, otherwise

Note carefully that the integer j defines the sampling step to be
2-7. We can obtain a zero-order hold approximation of the input by
writing

u(t) =Y upixia(®) @®)

k=0

After some tediousalgebra, itis shownin Ref. 20 that the zero-order
hold approximation of both the first- and second-order operators of
the Volterra series is simply

0 0
Yin = E hl.j.muj.n—m—l+ E h2.j.(r.x)uj.n—r—luj.n—x—1

m=n-—1
9

rs=n—1

where the discrete first- and second-order Volterra kernels are de-
fined as

(m+1)277
By jm =2j/2/ hy (&) dg, for m>0 (10)

2=/

(r+0277 ps+127/
h2.j.(r.s‘) = 21/221/2 / / hZ(S» 77) d%‘ d’?
r2=J s277

for r,s >0 (11)

Thus far, we have shown that the zero-order hold for both the input
and output induces the discrete Volterra Series in Eq. (9). We now
show that the discrete integrals in Eqs. (10) and (11) are amenable
to wavelet-inducedmultilevel approximation. Suppose that the first-
order kernel &, (£) is approximated as

h@E) =Y ki b;,&) (12)
P

where the only assumption on the functions ¢; ,(¢) at this point is
that they are dual to x; «(§) in the sense that

/ ¢j.p($)Xj.k($) = 5p.k (13)
R

The discrete output of the first-order Volterra operator in Eq. (5)
becomes

Vijn = Z/ Zhl.j.p¢j.p($)Xj.n—m—I(S)dguj.m
0 P

m=0

Vijn = Zhl.j.p/ GipE)Xjn—m-1(6)dEu;,,  (14)
0

m,p

which can be rewritten as

Yijn :Zhl.j.n—m—luj.m (15)
or, lettings =n—m — 1,

Yijn = Zhl.j.xuj.n—x—l (16)

The details of the derivation of the form of the discrete first-
order Volterra operator shown in Eq. (16) can be found in Ref. 20.
Likewise, if we approximate the second-orderkernel as

hz(‘f, n) = Z h2.j.(r.x)q)j.(r.x)(S» n)

=YD ha b )0 (17)

and substitute this kernel in Eq. (6), we recover, for the discrete
output of the second-order Volterra operator,

Vo= Y / / D o B )b (DX jn— -1 (6)
0 0 r.s

km=0
X Xj.n—m—l(ﬁ) dédn UjrUjm

Y2, jn = E h2.j.(r.x)8(r.x).(n —k—1n-—m—-DUjUjm

k,m,r.s

Yo, jn = Zh2.j.(n—k—1.n—m—l)uj.kuj.m (18)
k,m
Lettingr=n—k —1and s =n—m — 1, we obtain

Y2, jn = ZhZ.j.(r.x)uj.n—r—luj.n—x—l (19)

r,s

The details of the derivation of the form of the discrete second-order
Volterra operator shown in Eq. (19) can be found in Ref. 20. Indeed,
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Eqgs. (16) and (19)illustratethat, as long as the approximatingfamily
is biorthogonal with respect to the characteristic functions y x, we
obtain the discreteinputand output Volterra Series derivedin Eq. (9)
by a zero-order hold of the input and output. In the next section,
we discuss the specific selection of a biorthogonal wavelet basis to
achieve the desired approximation and order reduction.

III. Biorthogonal Wavelet Approximations

In Sec. II, we showed that a consistentapproximationof the dis-
crete Volterra input/output mapping is achieved when kernel ap-
proximants are selected to be biorthogonal with respect to charac-
teristic functions of dyadic intervals. In this section we discuss a
class of biorthogonal wavelets that satisfy this conditionand induce
a multilevel approximation of the Volterra kernels. Recall that a
multiresolution analysis is a nested sequence of spaces {V, }; < z

VooV ecvicV,- (20)
where Vj is the span of the translates of a fixed function ¢ (x):

Vo = span{¢ (x — k)} (21)
kez
In this equation, Z is the collection of (signed) integers. The re-
maining spaces in the sequence of Eq. (20) are defined by dilation.
We define

¢ (x) = 27292 x — k) (22)
and, subsequently,
V; = span{¢; ;. (x)} (23)
kez

If we have a second multiresolution { Vk bee z_generated by the func-
tion ¢ (x), we say that the pair {V, }; c  and {V, }; c ; form a biorthog-
onal multiresolution provided that

(@ (x), </;j.m x)) = / ¢j.k(x)¢;j.m(x) dx = & m (24)
R

A wavelet ¥ (x) is a function whose dilates and translates span
the complement spaces W; defined by

Viei =V, @ W, (25)
so that
W; = span{y;  (x)} (26)
keZz
where
Via(x) = 272927 x — k) (27)

A similar definition holds for the dual wavelet 1/;()6). As discussed
in Ref. 21, it is possible to define dual wavelets v (x) and v (x)
associated with the biorthogonal multiresolution analyses {V; }ic z
and {Vj}c z that satisfy

<1ﬂj.k (x), I}m.n (X)) = 5(j.k).(m.n) (28)

In particular, this can hold if we find masks {a, }, {b.}, {d,}, and (b}
that satisfy the two-scale relationships:

M) =V2Y ap@x—k.  $)=v2Y ad@x—k
k k

Yx) =2 E bip(2x — k), b(x) =2 E bedp(2x — k)
k k
(29)

where
by = (—Dfa_, (30)

by = (=1'a 1,

If Egs. (29) and (30) are satisfied, fast multilevel algorithms can
be derived that project a function onto various nested spaces. If
f(&) eV, then f (&) has a representation

[ = Zaj.k¢j.k($) 3D
k

by means of Eq. (23), where the {o; x} are constantscaling function
coefficients. An equivalent expansion of f(§) can be written by
means of Eq. (25) as

FE = e b c®+ Y Bt (G2
k k

where the {o;_;} and {B;_,} are constant scaling function and
wavelet coefficients, respectively. Given the finer-scale coefficients
{oj«} in Eq. (31), it is straightforward to derive the following de-
composition formulas by which we can calculate the coarser-scale
coefficients {or; _; +} and {B;_ } in Eq. (32):

Aj_ 1k = Z&n—Zkaj.n (33)
Bi—ix= Zlén—zkﬂfj.n (34)

As an example, we obtain

SE o rmE) =) 1w = Y uldjul€). &) 1.0 (E)
! (35)

Makinguse of the two-scale equation and biorthogonalityproperties
of the scaling functions, we have

Gom =Y aj.k<¢,~.k ). ahioms <s>>
k s
= Z C(j.k&xaklm +s
ks
= Z&k—ZmO[j.k (36)
k

Equations (33) and (34) are the decomposition formulas asso-
ciated with the set of biorthogonal wavelets (¢, ¥) and (¢, V). A
reconstruction formula can likewise be derived that gives the finer-
scale coefficients in terms of the coarser-scale coefficients:

O = Z (@ — o0 1 g + b —2uBj—140) 37
X

These expressions can be used to obtain a multilevel representation
of the Volterra kernels. Assume that the first-order Volterra kernel
is expressed on the finest scale as

W@ =D hpd &= a,b,E (8
P P

hl.j.p =, 2/ hl(S)Xj.p(S)ds
0

(p+127/
:/ hi (&) dg, for p=>0 (39
P

2/

That is, we have identified x; ,(§) = </;j_,,($). With a recursive ap-
plication of Eq. (25), a multilevel expansion of the first-orderkernel
is obtained:

hl(‘i:) = Z(on.]?‘pjo.p(g) + Zﬂjo_,,t//jo_,,(é) (level JO)
4 P

+ Zﬂjl-]’lpjl.p(g) (level j;)
P

(level j»)

+ Y B Vns
P

+ Zﬂj—l.pl//j_l.p(é) (level j — 1)
P

j—1

hE) =) iy pbipn® + D D BLpvn, @) (40)
P

I=jo p
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Similarly, if we define the tensor product scaling functions

DE ) = dE)P (), DE, ) = PE)P() (41)

and the tensor product wavelets

V(& n) =&Y ), W(E, ) = ¢E)V )

V2(E, ) =Y (E)®M), W&, 1) = ¥ (E)()

W3(E, ) = v(E)Y @), WE, ) =PEWm) @2)

we obtain the following single-scale representation of the second-
order kernel:

hy(&,m) = Z(Yj.(r.x)q)j.(r.x)(a n) (43)

The corresponding two-scale expansion of the kernel is

hz(‘f, n) = Z(Yj— 1.(r.x)q)j— 1.(r.x)($» n)

+ Z /3]1'— 1.(m~)\ll} - 1.(r.x)($’ m+ Z /3?— 1.(m~)\ll?— 1,(r.5) ()

+ Z /3]3'— 1.(r.x)\llj3'— 1.(r.x)($’ m) (44)

The identification of reduced-orderrepresentationsof the discrete
first- and second-order Volterra kernels is, of course, dependent on
the multilevel structure induced by our choice of a biorthogonal
wavelet basis. Recall that the discrete first-order Volterra operator
has the form

yl.j.n = Zhl.j.xuj.n—x—l = Zaj.xuj.n—x—l (45)

where the {«;,} are the scaling function coefficients in the single-
scale representation of the first-order Volterra kernel shown in
Eq. (38). Equation (45) can be written in matrix form as

y; =WUlaq; (46)
where y; is a vector of discrete outputs, «; is a vector of scaling

function coefficients,and [U] is a lower triangular matrix composed
of discrete inputs:

up 0 0 --- O

u; uy 0 --- 0
[U]= |42 W Ho 0 (47)

Uz Uy U :

Uy

Recall from Eq. (40) that our choice of a wavelet basis affords a
multiscale expansionof the first-orderkernel. Let us define 3 as the
multiscale vector of coefficients:

Ay
Bjo

B=1 B (48)
7

Bj-

where jj is the coarsestlevel chosenin the multiscalerepresentation.
In Ref. 20, it is demonstrated that, through a recursive application
of the decomposition formulas shown in Egs. (33) and (34), an

invertible matrix [ 7] can be constructed that transforms the single-
scale vector of coefficients into the multiscale vector:

BZ[T]OU, (e %] =[T]_15 (49)
It should be noted that the matrix [7] is rarely constructed in prac-

tice, but rather the decomposition equations are applied explicitly.
Equation (46) can now be written as

y; =lUNTI'B (50)

So far, no orderreduction has taken place and 3 has the same cardi-
nality as y;. At this point, order reductionis achieved by truncating
3, keeping only the coefficients from the coarsestlevels, and setting
the rest of the coefficients to zero. The nonzero terms in 3 are then
found that minimize the least-squareerror between the actual output
and the identified output.

To obtain a reduced-order representation of the second-order
Volterra kernel, recall that the output of the discrete second-order
Volterra operator takes the form

Y2, jn = E h2.j.(r.x)uj.n —r—1Ujn—s5—1

r,s

= E AjrsyUjn—r—1Ujn—s5-1 (5D
r,s

where the {«; .} represent the coefficients in the single-scale
expansion of the second-order kernel shown in Eq. (43). Just
as in the one-dimensional case, there is an equivalent multiscale
expansion of the second-order kernel. In this representation, we
have a two-dimensional array of multiscale coefficients having the
structure

(&l Bl 1 8]

CHEEETE

[B]= (52)

where jj is the coarsestlevel in the expansion. In Eq. (52), [« ;, ] rep-
resents the two-dimensional array of scaling function coefficients at
level j; [ﬂ}“], [ﬂ;)], and [ﬂf.“] representthe two-dimensionalarrays
of wavelet coefficients at level jj; and so forth. At this point, justas
in the one-dimensionalcase, order reductionis achieved by truncat-
ing [B], keeping only the coarser-scale coefficients, and setting the
rest equal to zero. Then, to obtain a reduced-orderidentification of
the output of a nonlinearsystem by using the first- and second-order
Volterraoperators, the nonzero coefficients in 3 (from the first-order
operator) and [B] (from the second-order operator) are found that
minimize the least-square error between the actual output and the
identified output.

IV. Numerical and Experimental Results

In a series of papers,!°~!2 we have derived, implemented, and
tested reduced-order models for the prototypical nonlinear aeroe-
lastic system depicted in Fig. 1. This system is composed of a
NACAO0012 airfoil that is capable of undergoing large amplitude
response in either the pitch or plunge degrees of freedom. Any
reasonable representation of the response of this system is inher-
ently geometrically nonlinear, as a result of the unique design of the
carriage on which the airfoil is mounted. The details of the design,
shown schematicallyin Fig. 2, are describedin detailin Refs. 10-12.
This system has been designed to exhibit large amplitude limit cy-
cle oscillations in particular flow regimes, and the performance of
geometrically nonlinear closed-loop control methods is discussed
in Refs. 10-12. We note that a conventional representation of the
nonlinear dynamics of this system that was used in these previous
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studies comprised two parametrically dependent,coupled nonlinear
ordinary differentialequations of second order. This is, perhaps, the
simplest nonlinear model that could be used to represent the sys-
tem. The pitch amplitude is so large that it may also be argued that
stall effects likewise contribute significant nonlinear response that
is not accounted for in the open-loop model used in Refs. 10-12.
In any event, in the current numerical example, we study the per-
formance of the wavelet-based Volterra series system identification
for this example. Angle encoders provide a measurement of the
flap deflection as a function of time, which we take as input to the
wavelet-basedkernel identification algorithm. We choose the output
to be the pitch angle, also measured by angle encoders as depicted
in Fig. 1, measured in radians. In this simple numerical experiment,
we consider the experimental records from a single test. The mea-
sured flap deflection, measured pitch angle, and flow velocity in
the tunnel are depicted in Figs. 3-5, respectively. The entire data
set is composed of 2048 sample points. With the use of a sliding
window of 128 sample points, a weakly nonlinear Volterra series
representation composed of only the first- and second-order ker-
nels was identified for the system. For this specific numerical test,
within each sample window, the first-order kernel was composed
of four terms, whereas the second-order kernel was composed of
a 4 x 4 array. It should be noted that the 4 x 4 array is symmet-
ric (see Schetzen'®), so that the cardinality of the Volterra series
modelis4 4 (5 x %) = 14 terms. The difference between the exper-
imental output and the output of the identified model is depicted
in Fig. 6.
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Fig.3 Experimental input: flap deflection.
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Fig. 4 Experimental output: pitch angle.
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Fig. 6 Predicted output from model identification (- - -) and experi-
mental output (—).
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Fig. 7 Identified second-order Volterra kernel from the first sample

window.

From the figure, the identified output (represented by the dashed
line) is barely discernible from the actual experimental output (rep-
resented by the solid line). Finally, the evolution of the kernels that
comprise this system is depicted in Figs. 7-10. Figures 7-10 show
the second-order Volterra kernels associated with the first, second,
third, and fourth sample windows, respectively. Each second-order
kernel is represented in terms of the same ten basis functions. It is
clear from the figures that the second-order kernels evolve in time
for this system.
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Fig.8 Identified second-order Volterra kernel from the second sample
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Fig. 9 Identified second-order Volterra kernel from the third sample
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Fig.10 Identified second-order Volterra kernel from the fourth sample
window.

V. Conclusions

This paper has derived a wavelet- and multiresolution-based
methodology for obtaining reduced-order approximations of
Volterra series. Although Volterra series representations provide a
succinct characterizationof nonlinear system response in principle,
their use has been limited in practice because of the large number
of terms required to represent the higher order, nonlinear terms. We
show that a consistent approximation of the Volterra input/output
representationis achieved if two conditions are satisfied: 1) a zero-
order hold is used for the input and output sequences;2) a biorthog-
onal wavelet family is selected such that the generator is dual to
characteristic functions that define the zero-order hold.

The identification of a prototypical nonlinear aeroelastic system
is studied to evaluate the potential of the derived method. The pro-
totypical aeroelastic system undergoes large amplitude, limit cycle
oscillations. Nevertheless, the wavelet identification of the nonlin-
earresponse was extremely accurate with the reduced-orderwavelet
models. For a sample record size of 2048 data points and a sliding
window of 128 data points, the nonlinear response character within
each sample window was captured with as few as 14 wavelets. It
was also shown that the nonlinear second-order kernel did evolve
in time. However, this evolution was essentially slowly varying.
One implication of the numerical tests is that the migration of these
methodologies to on-line identification of Volterra kernels should
be investigated immediately.

This paper suggests several subsequent lines of research. Al-
though the ability of the wavelet representations to compress in-
tegral operators was exploited implicitly, the methodology does not
currently make use of the explicit multilevel structure that is avail-
able. For example, it is anticipated that multilevel and multigrid
methods can be used to improve the convergencerate of the identifi-
cation procedure. Essentially, the method would perform multiscale
filtering of the input and output sequences a priori, before the ker-
nels of the nonlinear system are estimated. The kernels themselves
could then be estimated based on resolutions that correspondto the
filtered input and output sequences. Additionally, this paper also
suggests that there should be a careful study of energy exchange
in time-scale space for classical nonlinear dynamical systems of
aeroelasticity. The structure of the kernels may be indicative of the
time-frequency evolution of energy in the system. Finally, the iden-
tification procedure suggested in this paper is most useful when we
canderive associatedcompensatorsfor the nonlinear Volterraseries.
Such work has been studied in some classical texts, but the specific
forms of the desired compensators for the multiresolution kernels
have not been studied.
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