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Reduced-order input/output models are derived for a class of nonlinear systems by utilizing wavelet approxima-
tions of kernels appearing in Volterra series representations. Although Volterra series representations of nonlinear
system input/output have been understood from a theoretical standpoint for some time, their practical use has
been limited as a result of the dimensionality of approximations of the higher-order, nonlinear terms. In general,
wavelets and multiresolution analysis have shown considerable promise for the compression of signals, images,
and, most importantly here, some integral operators. Unfortunately, causal Volterra series representations are
expressed in terms of integrals that are restricted to products of half-spaces, and there is a signi� cant dif� culty
in deriving wavelets that are appropriate for Volterra kernel representations that are restricted to semi-in� nite
domains. In addition, it is necessary to derive Volterra kernel expansions that are consistent with the method
of sampling used to obtain the input and output data. This paper derives discrete approximations for truncated
Volterra series representations in terms of a speci� c class of biorthogonalwavelets. When a zero-order hold is used
for both the input and output signals, it is shown that a consistent approximation of the input/output system is
achieved for a speci� c choice of biorthogonal wavelet families. This family is characterized by the fact that all of
the wavelets are biorthogonal with respect to the characteristic function of the dyadic intervals used to de� ne the
zero-order hold. It is also simple to show that an arbitrary choice of wavelet systems will not, in general, provide
a consistent approximation for arbitrary input/output mappings. Numerical studies of the derived methodologies
are carried out by using experimental pitch/plunge response data from the TAMU Nonlinear Aeroelastic Testbed.

Nomenclature
fakg = primary scaling function � lters
f Qakg = dual scaling function � lters
fbkg = primary wavelet � lters
f Qbkg = dual wavelet � lters
h1; j;m = discrete � rst-order Volterra kernel
h1.» / = � rst-order Volterra kernel
h2; j;.r;s/ = discrete second-orderVolterra kernel
h2.»; ´/ = second-orderVolterra kernel
j = dilation index
k; m; p; r; s = translation indices
n = sampling index
t = time
u.t/ = system input
y.t/ = system output
yi .t/ = output of the i th-order Volterra operator
y1; j;n = discrete output of the � rst-order Volterra

operator
y2; j;.r;s/ = discrete output of the second-order

Volterra operator
f® j;kg = one-dimensional scaling function

coef� cients
f® j;.r;s/g = two-dimensional scaling function

coef� cients
f¯ j;k g = one-dimensionalwavelet coef� cients
f¯1

j;.r;s/
g; f¯2

j;.r;s/
g; = two-dimensional wavelet coef� cients

f¯3
j;.r;s/

g

Received 13 September 1999; revision received 18June2000;accepted for
publication 5 July 2000. Copyright c° 2000 by the authors. Published by the
American Institute of Aeronautics and Astronautics, Inc., with permission.

¤Associate Professor, Department of Aerospace Engineering, Mechanics
and Engineering Science.

†Graduate Research Assistant, Department of Aerospace Engineering,
Mechanics and Engineering Science.

‡Assistant Professor, Department of Aerospace Engineering.
§Associate Professor, Department of Aerospace Engineering.

8.x; y/ = two-dimensional tensor product scaling
function

Á.x/ = primary scaling function
QÁ.x/ = dual scaling function
Â.t/ = characteristic function
Ã.x/ = primary wavelet
QÃ.x/ = dual wavelet
Ã 1.x; y/; Ã 2.x; y/; = two-dimensional tensor product
Ã 3.x; y/ wavelets

I. Introduction

A LARGE collection of methods have been investigated for ob-
taining reduced-order representations of linear and nonlinear

dynamical systems in structuralmechanics, � uid mechanics, aeroe-
lasticity, and control theory. These methods include such diverse
strategiesas modal synthesis,Ritz vectorreduction,rationalapprox-
imation, Hankel approximation,and proper orthogonaldecomposi-
tion (POD). In � uid mechanics, the studyof the qualitativedynamics
of variousclassesof � ows using POD has been carried out in Refs. 1
and 2. In these studies, the essential goal is often to study the topo-
logical dynamics underlying the more complex model.1¡3 Some-
times, the ultimate goal is the development of control experiments
or methodologies.4 In structural mechanics, Ritz basis reduction
methods denoted “component mode synthesis” have emerged as a
distinctdiscipline(see Ref. 5). Order reductionmethodsdesignedto
improve the � delity of speci� c measurements,observations,or per-
formance functionalshavebeen studied in linear control theory (see
Ref. 6). Similarly, some researchershave used reduced basis meth-
ods in the simulation and control of the nonlinear Navier–Stokes
equations.7¡9 More recently, component mode synthesis methods
have been studied for a class of open-loop simulations of aeroelas-
tic systems.10¡12

Despite the considerablecollectionof researchfor achievinglow-
order model approximations in diverse � elds, there remain signif-
icant barriers to the realization of general reduced-order represen-
tations speci� cally for the control of nonlinear systems. We seek
to address one limitation of most of the order reduction methods
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Fig. 1 Prototypical nonlinear aeroelastic system (D/A, digital to ana-
log; I/O, input/output).

Fig. 2 Carriage design.

listed above. One common feature of most of these methods is that
they are not directly amenable to online updating or adaptive sub-
space selection strategies. The approach taken in this paper builds
on, and in some sense stands in contrast to, recent research by the
authors in nonlinear aeroelasticity and nonlinear control. The au-
thors have shown that geometricallynonlinear control methods can
be extremely effective in some applications to nonlinear aeroelas-
tic control.10¡12 Fundamentally, these strategies rely on an accurate
reduced-order model of the nonlinear open-loop dynamics. These
control strategies have been tested and veri� ed on the same experi-
mental apparatus that is shown in Figs. 1 and 2. At the same time,
the authors have shown that some POD reduced basis methods can
be extremely effective in generating low-dimensional approxima-
tions of uncontrolled � ow. As an example, the authors have studied
the ef� ciency of POD methods for obtaining reduced-ordermodels
of synthetic jets.4 The performance of this approach for studying a
particular response regime is discussed in detail in Ref. 4.

It would seem natural, and appropriate, to synthesize the con-
trol methodologies discussed in Refs. 10–12 with the POD-based
reduced-order modeling methods studied in Ref. 4. In some sense,
one could view this as the conventionalapproach.In fact, this line of
research is being pursuedby the authors.However, there are several
inherent dif� culties with such an approach. We brie� y summarize
some of these dif� culties and discuss how the approach taken in this
paper can be viewed as a complementary method addressing these
challenges.First of all, we emphasize that, however positive the re-
sults in Ref. 4, this studyconsidersan uncontrolledresponseregime.

In fact, nearly all of the order reduction methodologies discussed
above for nonlinear models of � ow treat the uncontrolled system.
A notable exception is presented in Refs. 9 and 13, which we dis-
cuss in some detail shortly. The dif� culty, in the context of control,
is not associated with producing a single reduced-ordermodel that
captures the essential dynamics of a particular operating or � ow
regime. This has been carried out quite successfully in Refs. 1–3,
for example,or evenin Ref. 4. Rather, if theoverallgoalof the model
order reduction is to enable control of the system, the reduced-order
model must be accurate over a diverse family of response regimes.
In other words, because the express purpose of control is to alter,
usually drastically, the system dynamics, any model derived from
the response history of the open-loop,uncontrolled system may be
a very poor approximation for the closed-loop system dynamics.
This fact is well understood, and well documented, in the control
theory and linear system theory literature (see, e.g., Ref. 6 and the
references therein). Unfortunately, the problem is compounded in
many applications to aeroelasticity or � uid mechanics in that the
governing Navier–Stokes equations are inherently nonlinear. Some
of the richest theory available for treating order reduction problems
havebeenderivedin the contextof linearsystemtheory.Researchers
in structural dynamics and control have studied order reduction for
decadesas applied to structuralsystems. In some cases, surprisingly
few Ritz basis vectorssuf� ce for control.Thus, althougha relatively
small, � xed set of componentmodes (or Krylov vectors,attachment
modes, constraint modes) may suf� ce to represent the dynamics of
a structural system, empirical and anecdotal evidence suggests that
this may not be the case for a large class of nonlinear � uid systems.

In this paper, we present a methodology that is directed precisely
toward achieving ef� cient reduced-order representationsof a class
of nonlinear systems that is amenable to adaptive and online con-
trolmethodologies.If we acknowledgethat theunderlyingdynamics
are, indeed,nonlineara priori,a reasonablestartingpoint is to choose
one of the standard nonlinear system parameterizations. Possible
choices include classical Fliess functional expansions,Chen series,
or Volterra series. Silva has studied the identi� cation of Volterra
series from impulse response for aeroelasticapplications.14 We will
consider the identi� cation of similar systems, but for general in-
put/output histories. Of course, Volterra series have been studied in
numerous classical texts, such as those by Schetzen15 and Rugh.16

These methodshave foundanapplicationin dynamicalsystem mod-
eling and control, even within the narrower context of aeroelastic
systems. Still, it is likewise well known that Volterra series meth-
ods have not seen more widespread application as a result of their
high dimensionality. Roughly speaking, a Volterra series is com-
posed of a sum of integral operators, where each successive term
in the sum is increasingly nonlinear. An approximation to the in� -
nite sum is usuallymade by truncatingthe series after k terms. If the
sampling interval is 1T , the most naRõ ve discretizationof the contin-
uous Volterra operators yield discrete Volterra operators expressed
in terms of O.1=1T k / terms. The integer k is the number of inte-
gral operators retained in the sum. Attempts to achieve lower-order
approximations have been made, most notably through the use of
Laguerre orthogonal polynomials. This approach can be advanta-
geous for some classes of stochastic inputs,15 but it can still yield
densely populated, high-order approximants for general inputs.

Because of these considerations, Nikolaou and Mantha17 and
Nikolaou and Vuthandam18 have sought to exploit the speci� c prop-
erties of wavelets to overcome these dif� culties.Wavelets and mul-
tiresolution analysis have gained notoriety for their applicability
to image processing, signal and image compression, and denois-
ing. They have likewise been used to advantage in the compression
and approximation of integral operators.19 It is important to note
that the methodologies presented in Refs. 17 and 18, for example,
make use of ad hoc wavelet basis selection and analogies to im-
age compression to generate reduced-orderVolterra models. These
methodologies do not, however, derive from rigorous approxima-
tion (as in Ref. 19) of the integral operators comprising the Volterra
series.

In the remainder of this paper, we derive order reduction meth-
ods for Volterra series by means of direct approximation of the
constituent integral operators. In this sense, the paper uses the
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philosophy given in Ref. 19, which focuses on second-kind
Fredholm equations, in application to the multilinear Volterra inte-
graloperators.The result is a wavelet-basedorderreductionmethod,
similar in intent to the multilevel methods discussed in Refs. 17 and
18. In Sec. II, we discuss the consistent approximation of Volterra
series. The underlying biorthogonalwavelet approximation frame-
work is discussed in Sec. III. Also discussed in Sec. III is the choice
of biorthogonal wavelets that yields a consistent approximation of
the constituentVolterra integral operators.Finally, Sec. IV presents
numerical results and validation studies.

II. Volterra Operators and Approximation
We will consider those dynamical systems expressed in terms of

Volterra integral operators, and we restrict our attention to single-
input/single-outputsystems.The output y.t/ canbewritten formally
as the in� nite sum

y.t/ D y1.t/ C y2.t/ C y3.t/ C y4.t/ C ¢ ¢ ¢ (1)

where each term yi .t/ is the output of the i th-orderVolterra integral
operator. For i D 1 or 2, we have

y1.t/ D
Z t

¡1
h1.t ¡ »/u.» / d» (2)

y2.t/ D
Z t

¡1

Z t

¡1
h2.t ¡ »; t ¡ ´/u.» /u.´/ d» d´ (3)

where u.» / and u.´/ represent the system inputs and h1.t ¡ »/,
h2.t ¡ »; t ¡ ´/ represent the � rst- and second-order Volterra ker-
nels, respectively.The theoretical foundationsof the Volterra series
in Eq. (1), suf� cient conditions for its convergence, and the form
for higher-order terms can be found in Ref. 15. In this paper, we are
concerned only with the � rst- and second-order (i D 1 and 2) terms
of the Volterra series. With the use of a simple change of variables,
it can be shown that the � rst- and second-order Volterra operators
can be written in the form20

y1.t/ D
Z C1

0

h1.» /u.t ¡ »/ d» (4)

y2.t/ D
Z 1

0

Z 1

0

h2.»; ´/u.t ¡ »/u.t ¡ ´/ d» d´ (5)

where the operators are de� ned over semi-in� nite domains.
Now, we introduce the characteristic function Â.t/ of the unit

interval [0, 1],

Â.t/ D
»

1; t 2 [0; 1]
0; otherwise

(6)

and its scaled and dilated translates

Â j;k .t/ D 2 j=2Â.2 j t ¡ k/

D
»

2 j=2; 2 j t ¡ k 2 [0; 1]
0; otherwise

D
»

2 j=2; k2¡ j · t · .k C 1/2¡ j

0; otherwise
(7)

Note carefully that the integer j de� nes the sampling step to be
2¡ j . We can obtain a zero-order hold approximationof the input by
writing

u.t/ D
1X

k D 0

u j;k Â j;k.t/ (8)

After some tediousalgebra, it is shown in Ref. 20 that the zero-order
hold approximationof both the � rst- and second-orderoperators of
the Volterra series is simply

y j;n D
0X

m D n ¡ 1

h1; j;m u j;n ¡ m ¡ 1 C
0X

r;s D n ¡ 1

h2; j;.r;s/u j;n ¡ r ¡ 1u j;n ¡ s ¡ 1

(9)

where the discrete � rst- and second-order Volterra kernels are de-
� ned as

h1; j;m D 2 j=2

Z
.m C 1/2¡ j

m2¡ j

h1.» / d»; for m ¸ 0 (10)

h2; j;.r;s/ D 2 j=22 j=2

Z .r C 1/2¡ j

r2¡ j

Z .s C 1/2¡ j

s2¡ j

h2.»; ´/ d» d´

for r; s ¸ 0 (11)

Thus far, we have shown that the zero-order hold for both the input
and output induces the discrete Volterra Series in Eq. (9). We now
show that the discrete integrals in Eqs. (10) and (11) are amenable
to wavelet-inducedmultilevelapproximation.Suppose that the � rst-
order kernel h1.» / is approximated as

h1.» / D
X

p

h1; j;pÁ j;p.» / (12)

where the only assumption on the functions Á j; p.» / at this point is
that they are dual to Â j;k .» / in the sense that

Z

R

Á j;p.» /Â j;k .» / D ±p;k (13)

The discrete output of the � rst-order Volterra operator in Eq. (5)
becomes

y1; j;n D
1X

m D 0

Z 1

0

X

p

h1; j;pÁ j;p.» /Â j;n ¡ m ¡ 1.» / d»u j;m

y1; j;n D
X

m ;p

h1; j;p

Z 1

0

Á j;p.» /Â j;n ¡ m ¡ 1.» / d»u j;m (14)

which can be rewritten as

y1; j;n D
X

m

h1; j;n ¡ m ¡ 1u j;m (15)

or, letting s D n ¡ m ¡ 1,

y1; j;n D
X

s

h1; j;su j;n ¡ s ¡ 1 (16)

The details of the derivation of the form of the discrete � rst-
order Volterra operator shown in Eq. (16) can be found in Ref. 20.
Likewise, if we approximate the second-orderkernel as

h2.»; ´/ D
X

r;s

h2; j;.r;s/8 j;.r;s/.»; ´/

D
X

r

X

s

h2; j;.r;s/Á j;r .» /Á j;s .´/ (17)

and substitute this kernel in Eq. (6), we recover, for the discrete
output of the second-orderVolterra operator,

y2; j;n D
1X

k;m D 0

Z 1

0

Z 1

0

X

r;s

h2; j;.r;s/Á j;r .» /Á j;s.´/Â j;n ¡ k ¡ 1.» /

£ Â j;n ¡ m ¡ 1.´/ d» d´ u j;k u j;m

y2; j;n D
X

k;m ;r;s

h2; j;.r;s/±.r;s/;.n ¡ k ¡ 1;n ¡ m ¡ 1/u j;k u j;m

y2; j;n D
X

k;m

h2; j;.n ¡ k ¡ 1;n ¡ m ¡ 1/u j;k u j;m (18)

Letting r D n ¡ k ¡ 1 and s D n ¡ m ¡ 1, we obtain

y2; j;n D
X

r;s

h2; j;.r;s/u j;n ¡ r ¡ 1u j;n¡s¡1 (19)

The details of the derivationof the form of the discretesecond-order
Volterra operator shown in Eq. (19) can be found in Ref. 20. Indeed,
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Eqs. (16) and (19) illustratethat, as longas theapproximatingfamily
is biorthogonalwith respect to the characteristic functions Â j;k , we
obtain the discrete input and outputVolterraSeriesderivedin Eq. (9)
by a zero-order hold of the input and output. In the next section,
we discuss the speci� c selection of a biorthogonalwavelet basis to
achieve the desired approximation and order reduction.

III. Biorthogonal Wavelet Approximations
In Sec. II, we showed that a consistent approximationof the dis-

crete Volterra input/output mapping is achieved when kernel ap-
proximants are selected to be biorthogonal with respect to charac-
teristic functions of dyadic intervals. In this section we discuss a
class of biorthogonalwavelets that satisfy this conditionand induce
a multilevel approximation of the Volterra kernels. Recall that a
multiresolutionanalysis is a nested sequence of spaces fVk gk 2 Z

¢ ¢ ¢ V¡1 ½ V0 ½ V1 ½ V2 ¢ ¢ ¢ (20)

where V0 is the span of the translates of a � xed function Á.x/:

V0 D span
k 2 Z

fÁ.x ¡ k/g (21)

In this equation, Z is the collection of (signed) integers. The re-
maining spaces in the sequence of Eq. (20) are de� ned by dilation.
We de� ne

Á j;k.x/ D 2 j=2Á.2 j x ¡ k/ (22)

and, subsequently,

V j D span
k 2 Z

fÁ j;k .x/g (23)

If we have a second multiresolutionf QVkgk 2 Z generated by the func-
tion QÁ.x/, we say that the pair fVkgk 2 Z and f QVkgk 2 Z forma biorthog-
onal multiresolutionprovided that

hÁ j;k .x/; QÁ j;m .x/i D
Z

R

Á j;k.x/ QÁ j;m.x/ dx D ±k;m (24)

A wavelet Ã.x/ is a function whose dilates and translates span
the complement spaces W j de� ned by

V j C 1 D V j © W j (25)

so that

W j D span
k 2 Z

fÃ j;k .x/g (26)

where

Ã j;k.x/ D 2 j=2Ã.2 j x ¡ k/ (27)

A similar de� nition holds for the dual wavelet QÃ.x/. As discussed
in Ref. 21, it is possible to de� ne dual wavelets Ã.x/ and QÃ.x/
associated with the biorthogonal multiresolution analyses fVk gk 2 Z

and f QVk gk 2 Z that satisfy

hÃ j;k .x/; QÃm;n.x/i D ±. j;k/;.m ;n/ (28)

In particular, this can hold if we � nd masks fak g, fbk g, f Qak g, and fQbk g
that satisfy the two-scale relationships:

Á.x/ D
p

2
X

k

akÁ.2x ¡ k/; QÁ.x/ D
p

2
X

k

Qak
QÁ.2x ¡ k/

Ã.x/ D
p

2
X

k

bk Á.2x ¡ k/; QÃ.x/ D
p

2
X

k

Qbk
QÁ.2x ¡ k/

(29)

where

bk D .¡1/k Qa¡k C 1; Qbk D .¡1/k a¡k C 1 (30)

If Eqs. (29) and (30) are satis� ed, fast multilevel algorithms can
be derived that project a function onto various nested spaces. If
f .» / 2 V j , then f .» / has a representation

f .» / D
X

k

® j;k Á j;k.» / (31)

by means of Eq. (23), where the f® j;k g are constant scaling function
coef� cients. An equivalent expansion of f .» / can be written by
means of Eq. (25) as

f .» / D
X

k

® j ¡ 1;kÁ j ¡ 1;k.» / C
X

k

¯ j ¡ 1;kÃ j ¡ 1;k.» / (32)

where the f® j ¡ 1;k g and f¯ j ¡ 1;kg are constant scaling function and
wavelet coef� cients, respectively.Given the � ner-scale coef� cients
f® j;kg in Eq. (31), it is straightforward to derive the following de-
composition formulas by which we can calculate the coarser-scale
coef� cients f® j ¡ 1;kg and f¯ j ¡ 1;kg in Eq. (32):

® j ¡ 1;k D
X

n

Qan ¡ 2k ® j;n (33)

¯ j ¡ 1;k D
X

n

Q̄
n ¡ 2k ® j;n (34)

As an example, we obtain

h f .» /; QÁ j ¡ 1;m .» /i D ® j ¡ 1;m D
X

k

® j;k hÁ j;k.» /; QÁ j ¡ 1;m .» /i

(35)

Makinguseof the two-scaleequationand biorthogonalityproperties
of the scaling functions, we have

® j ¡ 1;m D
X

k

® j;k

½
Á j;k .» /;

X

s

Qas
QÁ j;2m C s .» /

¾

D
X

k;s

® j;k Qas±k;2m C s

D
X

k

Qak ¡ 2m ® j;k (36)

Equations (33) and (34) are the decomposition formulas asso-
ciated with the set of biorthogonal wavelets .Á; Ã/ and . QÁ; QÃ/. A
reconstructionformula can likewise be derived that gives the � ner-
scale coef� cients in terms of the coarser-scale coef� cients:

® j;m D
X

k

.am ¡ 2k ® j ¡ 1;k C bm ¡ 2k¯ j ¡ 1;k / (37)

These expressionscan be used to obtain a multilevel representation
of the Volterra kernels. Assume that the � rst-order Volterra kernel
is expressed on the � nest scale as

h1.» / D
X

p

h1; j;pÁ j;p.» / D
X

p

® j;pÁ j;p.» / (38)

where

h1; j;p D ® j;p D
Z 1

0

h1.» /Â j;p.» / d»

D
Z

.p C 1/2¡ j

p2¡ j

h1.» / d»; for p ¸ 0 (39)

That is, we have identi� ed Â j;p.» / ´ QÁ j; p.» /. With a recursive ap-
plicationof Eq. (25), a multilevel expansionof the � rst-orderkernel
is obtained:

h1.» / D
X

p

® j0 ;pÁ j0 ;p.» / C
X

p

¯ j0;pÃ j0;p.» / .level j0/

C
X

p

¯ j1;pÃ j1;p.» / .level j1/

C
X

p

¯ j2;pÃ j2;p.» / .level j2/

:::

C
X

p

¯ j ¡ 1;pÃ j ¡ 1;p.» / .level j ¡ 1/

h1.» / D
X

p

® j0 ;pÁ j0 ;p.» / C
j ¡ 1X

l D j0

X

p

¯l;pÃl; p.» / (40)
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Similarly, if we de� ne the tensor product scaling functions

8.»; ´/ D Á.»/Á.´/; Q8.»; ´/ D QÁ.»/ QÁ.´/ (41)

and the tensor product wavelets

91.»; ´/ D Á.»/Ã.´/; Q9 1.»; ´/ D QÁ.»/ QÃ.´/

92.»; ´/ D Ã.»/Á.´/; Q9 2.»; ´/ D QÃ.»/ QÁ.´/

9 3.»; ´/ D Ã.»/Ã.´/; Q93.»; ´/ D QÃ.»/ QÃ.´/ (42)

we obtain the following single-scale representation of the second-
order kernel:

h2.»; ´/ D
X

r;s

® j;.r;s/8 j;.r;s/.»; ´/ (43)

The corresponding two-scale expansion of the kernel is

h2.»; ´/ D
X

r;s

® j ¡ 1;.r;s/8 j ¡ 1;.r;s/.»; ´/

C
X

r;s

¯1
j ¡ 1;.r;s/9

1
j ¡ 1;.r;s/.»; ´/ C

X

r;s

¯2
j ¡ 1;.r;s/9

2
j ¡ 1;.r;s/.»; ´/

C
X

r;s

¯3
j ¡ 1;.r;s/9

3
j ¡ 1;.r;s/.»; ´/ (44)

The identi� cationof reduced-orderrepresentationsof thediscrete
� rst- and second-orderVolterra kernels is, of course, dependent on
the multilevel structure induced by our choice of a biorthogonal
wavelet basis. Recall that the discrete � rst-order Volterra operator
has the form

y1; j;n D
X

s

h1; j;su j;n ¡ s ¡ 1 D
X

s

® j;su j;n ¡ s ¡ 1 (45)

where the f® j;sg are the scaling function coef� cients in the single-
scale representation of the � rst-order Volterra kernel shown in
Eq. (38). Equation (45) can be written in matrix form as

y j D [U ]® j (46)

where y j is a vector of discrete outputs, ® j is a vector of scaling
functioncoef� cients, and [U ] is a lower triangularmatrix composed
of discrete inputs:

[U ] D

2

6666664

u0 0 0 ¢ ¢ ¢ 0

u1 u0 0 ¢ ¢ ¢ 0

u2 u1 u0 ¢ ¢ ¢ 0

u3 u2 u1

: : :
:::

:::
:::

::: ¢ ¢ ¢ u0

3

7777775
(47)

Recall from Eq. (40) that our choice of a wavelet basis affords a
multiscale expansionof the � rst-orderkernel. Let us de� ne ¯ as the
multiscale vector of coef� cients:

¯
1D

8
>>>>>><

>>>>>>:

® j0

¯ j0

¯ j1
:::

¯ j ¡ 1

9
>>>>>>=

>>>>>>;

(48)

where j0 is thecoarsest level chosenin themultiscalerepresentation.
In Ref. 20, it is demonstrated that, through a recursive application
of the decomposition formulas shown in Eqs. (33) and (34), an

invertible matrix [T ] can be constructed that transforms the single-
scale vector of coef� cients into the multiscale vector:

¯ D [T ] ® j ; ® j D [T ]¡1¯ (49)

It should be noted that the matrix [T ] is rarely constructed in prac-
tice, but rather the decomposition equations are applied explicitly.
Equation (46) can now be written as

y j D [U ][T ]¡1¯ (50)

So far, no order reductionhas taken place and ¯ has the same cardi-
nality as y j . At this point, order reduction is achieved by truncating
¯, keepingonly the coef� cients from the coarsest levels, and setting
the rest of the coef� cients to zero. The nonzero terms in ¯ are then
found that minimize the least-squareerror between the actualoutput
and the identi� ed output.

To obtain a reduced-order representation of the second-order
Volterra kernel, recall that the output of the discrete second-order
Volterra operator takes the form

y2; j;n D
X

r;s

h2; j;.r;s/u j;n ¡ r ¡ 1u j;n ¡ s ¡ 1

D
X

r;s

® j;.r;s/u j;n ¡ r ¡ 1u j;n ¡ s ¡ 1 (51)

where the f® j;.r;s/g represent the coef� cients in the single-scale
expansion of the second-order kernel shown in Eq. (43). Just
as in the one-dimensional case, there is an equivalent multiscale
expansion of the second-order kernel. In this representation, we
have a two-dimensional array of multiscale coef� cients having the
structure

[¯] D

2

66666664

£
® j0

¤ £
¯1
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¤
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¤
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: : : j
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¯2
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¤
j

£
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j ¡ 1

¤

3
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(52)

where j0 is the coarsest level in the expansion.In Eq. (52), [® j0 ] rep-
resents the two-dimensionalarray of scaling functioncoef� cients at
level j0; [¯1

j0
], [¯2

j0
], and [¯3

j0
] represent the two-dimensionalarrays

of wavelet coef� cients at level j0; and so forth. At this point, just as
in the one-dimensionalcase, order reduction is achievedby truncat-
ing [¯], keeping only the coarser-scale coef� cients, and setting the
rest equal to zero. Then, to obtain a reduced-order identi� cation of
the output of a nonlinearsystem by using the � rst- and second-order
Volterraoperators,thenonzerocoef� cients in ¯ (from the � rst-order
operator) and [¯] (from the second-order operator) are found that
minimize the least-square error between the actual output and the
identi� ed output.

IV. Numerical and Experimental Results
In a series of papers,10¡12 we have derived, implemented, and

tested reduced-order models for the prototypical nonlinear aeroe-
lastic system depicted in Fig. 1. This system is composed of a
NACA0012 airfoil that is capable of undergoing large amplitude
response in either the pitch or plunge degrees of freedom. Any
reasonable representation of the response of this system is inher-
ently geometricallynonlinear,as a result of the unique design of the
carriage on which the airfoil is mounted. The details of the design,
shown schematicallyin Fig. 2, aredescribedin detail in Refs. 10–12.
This system has been designed to exhibit large amplitude limit cy-
cle oscillations in particular � ow regimes, and the performance of
geometrically nonlinear closed-loop control methods is discussed
in Refs. 10–12. We note that a conventional representation of the
nonlinear dynamics of this system that was used in these previous
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studiescomprised two parametricallydependent,couplednonlinear
ordinarydifferentialequationsof second order. This is, perhaps, the
simplest nonlinear model that could be used to represent the sys-
tem. The pitch amplitude is so large that it may also be argued that
stall effects likewise contribute signi� cant nonlinear response that
is not accounted for in the open-loop model used in Refs. 10–12.
In any event, in the current numerical example, we study the per-
formance of the wavelet-based Volterra series system identi� cation
for this example. Angle encoders provide a measurement of the
� ap de� ection as a function of time, which we take as input to the
wavelet-basedkernel identi� cationalgorithm.We choose the output
to be the pitch angle, also measured by angle encoders as depicted
in Fig. 1, measured in radians. In this simple numerical experiment,
we consider the experimental records from a single test. The mea-
sured � ap de� ection, measured pitch angle, and � ow velocity in
the tunnel are depicted in Figs. 3–5, respectively. The entire data
set is composed of 2048 sample points. With the use of a sliding
window of 128 sample points, a weakly nonlinear Volterra series
representation composed of only the � rst- and second-order ker-
nels was identi� ed for the system. For this speci� c numerical test,
within each sample window, the � rst-order kernel was composed
of four terms, whereas the second-order kernel was composed of
a 4 £ 4 array. It should be noted that the 4 £ 4 array is symmet-
ric (see Schetzen15), so that the cardinality of the Volterra series
model is 4 C .5 £ 4

2 / D 14 terms. The differencebetween the exper-
imental output and the output of the identi� ed model is depicted
in Fig. 6.

Fig. 3 Experimental input: � ap de� ection.

Fig. 4 Experimental output: pitch angle.

Fig. 5 Flow velocity in the test section.

Fig. 6 Predicted output from model identi� cation (– – –) and experi-
mental output (——).

Fig. 7 Identi� ed second-order Volterra kernel from the � rst sample
window.

From the � gure, the identi� ed output (representedby the dashed
line) is barely discernible from the actual experimental output (rep-
resented by the solid line). Finally, the evolution of the kernels that
comprise this system is depicted in Figs. 7–10. Figures 7–10 show
the second-orderVolterra kernels associated with the � rst, second,
third, and fourth sample windows, respectively.Each second-order
kernel is represented in terms of the same ten basis functions. It is
clear from the � gures that the second-order kernels evolve in time
for this system.
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Fig. 8 Identi� ed second-order Volterra kernel from the second sample
window.

Fig. 9 Identi� ed second-order Volterra kernel from the third sample
window.

Fig.10 Identi� ed second-order Volterra kernel from the fourth sample
window.

V. Conclusions
This paper has derived a wavelet- and multiresolution-based

methodology for obtaining reduced-order approximations of
Volterra series. Although Volterra series representations provide a
succinct characterizationof nonlinearsystem response in principle,
their use has been limited in practice because of the large number
of terms required to represent the higher order, nonlinear terms. We
show that a consistent approximation of the Volterra input/output
representation is achieved if two conditions are satis� ed: 1) a zero-
order hold is used for the input and output sequences;2) a biorthog-
onal wavelet family is selected such that the generator is dual to
characteristic functions that de� ne the zero-order hold.

The identi� cation of a prototypical nonlinear aeroelastic system
is studied to evaluate the potential of the derived method. The pro-
totypical aeroelastic system undergoes large amplitude, limit cycle
oscillations. Nevertheless, the wavelet identi� cation of the nonlin-
ear responsewas extremelyaccuratewith the reduced-orderwavelet
models. For a sample record size of 2048 data points and a sliding
window of 128 data points, the nonlinear response character within
each sample window was captured with as few as 14 wavelets. It
was also shown that the nonlinear second-order kernel did evolve
in time. However, this evolution was essentially slowly varying.
One implication of the numerical tests is that the migration of these
methodologies to on-line identi� cation of Volterra kernels should
be investigated immediately.

This paper suggests several subsequent lines of research. Al-
though the ability of the wavelet representations to compress in-
tegral operators was exploited implicitly, the methodologydoes not
currently make use of the explicit multilevel structure that is avail-
able. For example, it is anticipated that multilevel and multigrid
methods can be used to improve the convergencerate of the identi� -
cation procedure.Essentially, the method would performmultiscale
� ltering of the input and output sequences a priori, before the ker-
nels of the nonlinear system are estimated. The kernels themselves
could then be estimated based on resolutions that correspond to the
� ltered input and output sequences. Additionally, this paper also
suggests that there should be a careful study of energy exchange
in time-scale space for classical nonlinear dynamical systems of
aeroelasticity.The structure of the kernels may be indicative of the
time-frequencyevolution of energy in the system. Finally, the iden-
ti� cation procedure suggested in this paper is most useful when we
can deriveassociatedcompensatorsfor the nonlinearVolterra series.
Such work has been studied in some classical texts, but the speci� c
forms of the desired compensators for the multiresolution kernels
have not been studied.
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